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Outline

• A gentle introduction to molecular biology

‣ The biology of gene expression

‣ Measuring gene expression 

‣ Variability in gene expression and its consequences

‣ Motivation for using probabilistic models    

• Introduction to stochastic modeling and analysis 

‣ The Chemical Master Equation

‣ Using biological data for model inference


• Controlling gene expression mean and variance



From Stimulus to Response
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Gene Expression: From DNA to Protein
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Regulation of Gene Expression: Activation
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Regulation of Gene Expression: Repression
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Modeling Gene Expression
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<latexit sha1_base64="v2tCvM0kjDxQjVmiW1i72Oy/a6s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ac0pWw2k3bpZhN2N0IJ/RFe60m8+nsE/43bNgdtfTDweG+GmXlBKrg2rvvtlLa2d3b3yvuVg8Oj45Pq6VlHJ5li2GaJSFQvoBoFl9g23AjspQppHAjsBpPHhd99QaV5Ip/NNMVBTEeSR5xRY6Wu38xG6M+G1Zpbd5cgm8QrSA0KtIbVLz9MWBajNExQrfuCylAzahfkWvAQ9aziZxpTyiZ0hH1LJY1RD/LlyTNyZZWQRImyJQ1Zqr8nchprPY0D2xlTM9br3kL8z+tnJrof5FymmUHJVouiTBCTkMX/JOQKmRFTSyhT3HBG2JgqyoxNqWKD8Nbf3iSdm7rn1r2n21rjoYikDBdwCdfgwR00oAktaAODCbzCHN4c48ydd+dj1Vpyiplz+APn8wehhJGc</latexit> <latexit sha1_base64="v2tCvM0kjDxQjVmiW1i72Oy/a6s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ac0pWw2k3bpZhN2N0IJ/RFe60m8+nsE/43bNgdtfTDweG+GmXlBKrg2rvvtlLa2d3b3yvuVg8Oj45Pq6VlHJ5li2GaJSFQvoBoFl9g23AjspQppHAjsBpPHhd99QaV5Ip/NNMVBTEeSR5xRY6Wu38xG6M+G1Zpbd5cgm8QrSA0KtIbVLz9MWBajNExQrfuCylAzahfkWvAQ9aziZxpTyiZ0hH1LJY1RD/LlyTNyZZWQRImyJQ1Zqr8nchprPY0D2xlTM9br3kL8z+tnJrof5FymmUHJVouiTBCTkMX/JOQKmRFTSyhT3HBG2JgqyoxNqWKD8Nbf3iSdm7rn1r2n21rjoYikDBdwCdfgwR00oAktaAODCbzCHN4c48ydd+dj1Vpyiplz+APn8wehhJGc</latexit> <latexit sha1_base64="v2tCvM0kjDxQjVmiW1i72Oy/a6s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ac0pWw2k3bpZhN2N0IJ/RFe60m8+nsE/43bNgdtfTDweG+GmXlBKrg2rvvtlLa2d3b3yvuVg8Oj45Pq6VlHJ5li2GaJSFQvoBoFl9g23AjspQppHAjsBpPHhd99QaV5Ip/NNMVBTEeSR5xRY6Wu38xG6M+G1Zpbd5cgm8QrSA0KtIbVLz9MWBajNExQrfuCylAzahfkWvAQ9aziZxpTyiZ0hH1LJY1RD/LlyTNyZZWQRImyJQ1Zqr8nchprPY0D2xlTM9br3kL8z+tnJrof5FymmUHJVouiTBCTkMX/JOQKmRFTSyhT3HBG2JgqyoxNqWKD8Nbf3iSdm7rn1r2n21rjoYikDBdwCdfgwR00oAktaAODCbzCHN4c48ydd+dj1Vpyiplz+APn8wehhJGc</latexit> <latexit sha1_base64="v2tCvM0kjDxQjVmiW1i72Oy/a6s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ac0pWw2k3bpZhN2N0IJ/RFe60m8+nsE/43bNgdtfTDweG+GmXlBKrg2rvvtlLa2d3b3yvuVg8Oj45Pq6VlHJ5li2GaJSFQvoBoFl9g23AjspQppHAjsBpPHhd99QaV5Ip/NNMVBTEeSR5xRY6Wu38xG6M+G1Zpbd5cgm8QrSA0KtIbVLz9MWBajNExQrfuCylAzahfkWvAQ9aziZxpTyiZ0hH1LJY1RD/LlyTNyZZWQRImyJQ1Zqr8nchprPY0D2xlTM9br3kL8z+tnJrof5FymmUHJVouiTBCTkMX/JOQKmRFTSyhT3HBG2JgqyoxNqWKD8Nbf3iSdm7rn1r2n21rjoYikDBdwCdfgwR00oAktaAODCbzCHN4c48ydd+dj1Vpyiplz+APn8wehhJGc</latexit>
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<latexit sha1_base64="v2tCvM0kjDxQjVmiW1i72Oy/a6s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ac0pWw2k3bpZhN2N0IJ/RFe60m8+nsE/43bNgdtfTDweG+GmXlBKrg2rvvtlLa2d3b3yvuVg8Oj45Pq6VlHJ5li2GaJSFQvoBoFl9g23AjspQppHAjsBpPHhd99QaV5Ip/NNMVBTEeSR5xRY6Wu38xG6M+G1Zpbd5cgm8QrSA0KtIbVLz9MWBajNExQrfuCylAzahfkWvAQ9aziZxpTyiZ0hH1LJY1RD/LlyTNyZZWQRImyJQ1Zqr8nchprPY0D2xlTM9br3kL8z+tnJrof5FymmUHJVouiTBCTkMX/JOQKmRFTSyhT3HBG2JgqyoxNqWKD8Nbf3iSdm7rn1r2n21rjoYikDBdwCdfgwR00oAktaAODCbzCHN4c48ydd+dj1Vpyiplz+APn8wehhJGc</latexit> <latexit sha1_base64="v2tCvM0kjDxQjVmiW1i72Oy/a6s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ac0pWw2k3bpZhN2N0IJ/RFe60m8+nsE/43bNgdtfTDweG+GmXlBKrg2rvvtlLa2d3b3yvuVg8Oj45Pq6VlHJ5li2GaJSFQvoBoFl9g23AjspQppHAjsBpPHhd99QaV5Ip/NNMVBTEeSR5xRY6Wu38xG6M+G1Zpbd5cgm8QrSA0KtIbVLz9MWBajNExQrfuCylAzahfkWvAQ9aziZxpTyiZ0hH1LJY1RD/LlyTNyZZWQRImyJQ1Zqr8nchprPY0D2xlTM9br3kL8z+tnJrof5FymmUHJVouiTBCTkMX/JOQKmRFTSyhT3HBG2JgqyoxNqWKD8Nbf3iSdm7rn1r2n21rjoYikDBdwCdfgwR00oAktaAODCbzCHN4c48ydd+dj1Vpyiplz+APn8wehhJGc</latexit> <latexit sha1_base64="v2tCvM0kjDxQjVmiW1i72Oy/a6s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ac0pWw2k3bpZhN2N0IJ/RFe60m8+nsE/43bNgdtfTDweG+GmXlBKrg2rvvtlLa2d3b3yvuVg8Oj45Pq6VlHJ5li2GaJSFQvoBoFl9g23AjspQppHAjsBpPHhd99QaV5Ip/NNMVBTEeSR5xRY6Wu38xG6M+G1Zpbd5cgm8QrSA0KtIbVLz9MWBajNExQrfuCylAzahfkWvAQ9aziZxpTyiZ0hH1LJY1RD/LlyTNyZZWQRImyJQ1Zqr8nchprPY0D2xlTM9br3kL8z+tnJrof5FymmUHJVouiTBCTkMX/JOQKmRFTSyhT3HBG2JgqyoxNqWKD8Nbf3iSdm7rn1r2n21rjoYikDBdwCdfgwR00oAktaAODCbzCHN4c48ydd+dj1Vpyiplz+APn8wehhJGc</latexit> <latexit sha1_base64="v2tCvM0kjDxQjVmiW1i72Oy/a6s=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ac0pWw2k3bpZhN2N0IJ/RFe60m8+nsE/43bNgdtfTDweG+GmXlBKrg2rvvtlLa2d3b3yvuVg8Oj45Pq6VlHJ5li2GaJSFQvoBoFl9g23AjspQppHAjsBpPHhd99QaV5Ip/NNMVBTEeSR5xRY6Wu38xG6M+G1Zpbd5cgm8QrSA0KtIbVLz9MWBajNExQrfuCylAzahfkWvAQ9aziZxpTyiZ0hH1LJY1RD/LlyTNyZZWQRImyJQ1Zqr8nchprPY0D2xlTM9br3kL8z+tnJrof5FymmUHJVouiTBCTkMX/JOQKmRFTSyhT3HBG2JgqyoxNqWKD8Nbf3iSdm7rn1r2n21rjoYikDBdwCdfgwR00oAktaAODCbzCHN4c48ydd+dj1Vpyiplz+APn8wehhJGc</latexit>
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<latexit sha1_base64="uDFTWKNDkngI4p+b7236s6RtWgU=">AAACBnicbZDLSgMxFIYz9VbrbdSVuAkWwY1lRgTdCEU3LivYC7RlOJPJtKFJZkgyQinFrS/itq7ErU8h+Dam7Sy09YfAx3/OyeH8YcqZNp737RRWVtfWN4qbpa3tnd09d/+goZNMEVonCU9UKwRNOZO0bpjhtJUqCiLktBkO7qb15hNVmiXy0QxT2hXQkyxmBIy1AveoEyUGK3yDB4HC57jTAyHAogrcslfxZsLL4OdQRrlqgftl/yKZoNIQDlq3OchIE7BLR5qziOpxqZNpmgIZQI+2LUoQVHdHszPG+NQ6EY4TZZ80eOb+nhiB0HooQtspwPT1Ym1q/ldrZya+7o6YTDNDJZkvijOOTYKnmeCIKUoMH1oAophhBJM+KCDGJleyQfiLZy9D46LiexX/4bJcvc0jKaJjdILOkI+uUBXdoxqqI4Ke0SuaoDfnxZk4787HvLXg5DOH6I+czx9G/pfg</latexit><latexit sha1_base64="uDFTWKNDkngI4p+b7236s6RtWgU=">AAACBnicbZDLSgMxFIYz9VbrbdSVuAkWwY1lRgTdCEU3LivYC7RlOJPJtKFJZkgyQinFrS/itq7ErU8h+Dam7Sy09YfAx3/OyeH8YcqZNp737RRWVtfWN4qbpa3tnd09d/+goZNMEVonCU9UKwRNOZO0bpjhtJUqCiLktBkO7qb15hNVmiXy0QxT2hXQkyxmBIy1AveoEyUGK3yDB4HC57jTAyHAogrcslfxZsLL4OdQRrlqgftl/yKZoNIQDlq3OchIE7BLR5qziOpxqZNpmgIZQI+2LUoQVHdHszPG+NQ6EY4TZZ80eOb+nhiB0HooQtspwPT1Ym1q/ldrZya+7o6YTDNDJZkvijOOTYKnmeCIKUoMH1oAophhBJM+KCDGJleyQfiLZy9D46LiexX/4bJcvc0jKaJjdILOkI+uUBXdoxqqI4Ke0SuaoDfnxZk4787HvLXg5DOH6I+czx9G/pfg</latexit><latexit sha1_base64="uDFTWKNDkngI4p+b7236s6RtWgU=">AAACBnicbZDLSgMxFIYz9VbrbdSVuAkWwY1lRgTdCEU3LivYC7RlOJPJtKFJZkgyQinFrS/itq7ErU8h+Dam7Sy09YfAx3/OyeH8YcqZNp737RRWVtfWN4qbpa3tnd09d/+goZNMEVonCU9UKwRNOZO0bpjhtJUqCiLktBkO7qb15hNVmiXy0QxT2hXQkyxmBIy1AveoEyUGK3yDB4HC57jTAyHAogrcslfxZsLL4OdQRrlqgftl/yKZoNIQDlq3OchIE7BLR5qziOpxqZNpmgIZQI+2LUoQVHdHszPG+NQ6EY4TZZ80eOb+nhiB0HooQtspwPT1Ym1q/ldrZya+7o6YTDNDJZkvijOOTYKnmeCIKUoMH1oAophhBJM+KCDGJleyQfiLZy9D46LiexX/4bJcvc0jKaJjdILOkI+uUBXdoxqqI4Ke0SuaoDfnxZk4787HvLXg5DOH6I+czx9G/pfg</latexit><latexit sha1_base64="uDFTWKNDkngI4p+b7236s6RtWgU=">AAACBnicbZDLSgMxFIYz9VbrbdSVuAkWwY1lRgTdCEU3LivYC7RlOJPJtKFJZkgyQinFrS/itq7ErU8h+Dam7Sy09YfAx3/OyeH8YcqZNp737RRWVtfWN4qbpa3tnd09d/+goZNMEVonCU9UKwRNOZO0bpjhtJUqCiLktBkO7qb15hNVmiXy0QxT2hXQkyxmBIy1AveoEyUGK3yDB4HC57jTAyHAogrcslfxZsLL4OdQRrlqgftl/yKZoNIQDlq3OchIE7BLR5qziOpxqZNpmgIZQI+2LUoQVHdHszPG+NQ6EY4TZZ80eOb+nhiB0HooQtspwPT1Ym1q/ldrZya+7o6YTDNDJZkvijOOTYKnmeCIKUoMH1oAophhBJM+KCDGJleyQfiLZy9D46LiexX/4bJcvc0jKaJjdILOkI+uUBXdoxqqI4Ke0SuaoDfnxZk4787HvLXg5DOH6I+czx9G/pfg</latexit>

ṗ = kpr � �pp
<latexit sha1_base64="I1WAchdKtLCjF0MYxaEM2uJZMZw=">AAACCHicbVDLSgMxFM3UV62vUZfdBIvgxjIjgm6EohuXFewD2jLcyWTa0CQzJBmhlC7c+iNu60rc+hGCf2PazkJbDwROzrkP7glTzrTxvG+nsLa+sblV3C7t7O7tH7iHR02dZIrQBkl4otohaMqZpA3DDKftVFEQIaetcHg381tPVGmWyEczSmlPQF+ymBEwVgrccjdKDE7xDR4GKVb4HHf7IATYTxq4Fa/qzYFXiZ+TCspRD9wvO41kgkpDOGjd4SAjTcCuHWvOIqonpW6maQpkCH3asVSCoLo3nh8ywadWiXCcKPukwXP1d8cYhNYjEdpKAWagl72Z+J/XyUx83RszmWaGSrJYFGccmwTPUsERU5QYPrIEiGKGEUwGoIAYm13JBuEvn71KmhdV36v6D5eV2m0eSRGV0Qk6Qz66QjV0j+qogQh6Rq9oit6cF2fqvDsfi9KCk/ccoz9wPn8Ac+eYfg==</latexit><latexit sha1_base64="I1WAchdKtLCjF0MYxaEM2uJZMZw=">AAACCHicbVDLSgMxFM3UV62vUZfdBIvgxjIjgm6EohuXFewD2jLcyWTa0CQzJBmhlC7c+iNu60rc+hGCf2PazkJbDwROzrkP7glTzrTxvG+nsLa+sblV3C7t7O7tH7iHR02dZIrQBkl4otohaMqZpA3DDKftVFEQIaetcHg381tPVGmWyEczSmlPQF+ymBEwVgrccjdKDE7xDR4GKVb4HHf7IATYTxq4Fa/qzYFXiZ+TCspRD9wvO41kgkpDOGjd4SAjTcCuHWvOIqonpW6maQpkCH3asVSCoLo3nh8ywadWiXCcKPukwXP1d8cYhNYjEdpKAWagl72Z+J/XyUx83RszmWaGSrJYFGccmwTPUsERU5QYPrIEiGKGEUwGoIAYm13JBuEvn71KmhdV36v6D5eV2m0eSRGV0Qk6Qz66QjV0j+qogQh6Rq9oit6cF2fqvDsfi9KCk/ccoz9wPn8Ac+eYfg==</latexit><latexit sha1_base64="I1WAchdKtLCjF0MYxaEM2uJZMZw=">AAACCHicbVDLSgMxFM3UV62vUZfdBIvgxjIjgm6EohuXFewD2jLcyWTa0CQzJBmhlC7c+iNu60rc+hGCf2PazkJbDwROzrkP7glTzrTxvG+nsLa+sblV3C7t7O7tH7iHR02dZIrQBkl4otohaMqZpA3DDKftVFEQIaetcHg381tPVGmWyEczSmlPQF+ymBEwVgrccjdKDE7xDR4GKVb4HHf7IATYTxq4Fa/qzYFXiZ+TCspRD9wvO41kgkpDOGjd4SAjTcCuHWvOIqonpW6maQpkCH3asVSCoLo3nh8ywadWiXCcKPukwXP1d8cYhNYjEdpKAWagl72Z+J/XyUx83RszmWaGSrJYFGccmwTPUsERU5QYPrIEiGKGEUwGoIAYm13JBuEvn71KmhdV36v6D5eV2m0eSRGV0Qk6Qz66QjV0j+qogQh6Rq9oit6cF2fqvDsfi9KCk/ccoz9wPn8Ac+eYfg==</latexit><latexit sha1_base64="I1WAchdKtLCjF0MYxaEM2uJZMZw=">AAACCHicbVDLSgMxFM3UV62vUZfdBIvgxjIjgm6EohuXFewD2jLcyWTa0CQzJBmhlC7c+iNu60rc+hGCf2PazkJbDwROzrkP7glTzrTxvG+nsLa+sblV3C7t7O7tH7iHR02dZIrQBkl4otohaMqZpA3DDKftVFEQIaetcHg381tPVGmWyEczSmlPQF+ymBEwVgrccjdKDE7xDR4GKVb4HHf7IATYTxq4Fa/qzYFXiZ+TCspRD9wvO41kgkpDOGjd4SAjTcCuHWvOIqonpW6maQpkCH3asVSCoLo3nh8ywadWiXCcKPukwXP1d8cYhNYjEdpKAWagl72Z+J/XyUx83RszmWaGSrJYFGccmwTPUsERU5QYPrIEiGKGEUwGoIAYm13JBuEvn71KmhdV36v6D5eV2m0eSRGV0Qk6Qz66QjV0j+qogQh6Rq9oit6cF2fqvDsfi9KCk/ccoz9wPn8Ac+eYfg==</latexit>

p(t)
<latexit sha1_base64="eU1w5RCPRmfe0HFTGpChdfPWR9o=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRjDBC9nlokeiF4+YyEcChHS7s1Dpdjdt14QQ/oNXPBmv/h8T/40F9qDgSyZ5eW+mnXl+Irg2rvvt5La2d3b38vuFg8Oj45Pi6VlLx6li2GSxiFXHpxoFl9g03AjsJApp5Ats++P7hd9+QaV5LJ/MJMF+RIeSh5xRY6VWOamY6/KgWHKr7hJkk3gZKUGGxqD41QtilkYoDRNU666gMtCM2venWvAA9azQSzUmlI3pELuWShqh7k+XG8/IlVUCEsbKljRkqf6emNJI60nk286ImpFe9xbif143NeFtf8plkhqUbPVRmApiYrI4nwRcITNiYgllihvOCBtRRZmxIRVsEN762ZukVat6btV7rJXqd1kkebiAS6iABzdQhwdoQBMYPMMrzOHN0c7ceXc+Vq05J5s5hz9wPn8AjIqQTw==</latexit><latexit sha1_base64="eU1w5RCPRmfe0HFTGpChdfPWR9o=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRjDBC9nlokeiF4+YyEcChHS7s1Dpdjdt14QQ/oNXPBmv/h8T/40F9qDgSyZ5eW+mnXl+Irg2rvvt5La2d3b38vuFg8Oj45Pi6VlLx6li2GSxiFXHpxoFl9g03AjsJApp5Ats++P7hd9+QaV5LJ/MJMF+RIeSh5xRY6VWOamY6/KgWHKr7hJkk3gZKUGGxqD41QtilkYoDRNU666gMtCM2venWvAA9azQSzUmlI3pELuWShqh7k+XG8/IlVUCEsbKljRkqf6emNJI60nk286ImpFe9xbif143NeFtf8plkhqUbPVRmApiYrI4nwRcITNiYgllihvOCBtRRZmxIRVsEN762ZukVat6btV7rJXqd1kkebiAS6iABzdQhwdoQBMYPMMrzOHN0c7ceXc+Vq05J5s5hz9wPn8AjIqQTw==</latexit><latexit sha1_base64="eU1w5RCPRmfe0HFTGpChdfPWR9o=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRjDBC9nlokeiF4+YyEcChHS7s1Dpdjdt14QQ/oNXPBmv/h8T/40F9qDgSyZ5eW+mnXl+Irg2rvvt5La2d3b38vuFg8Oj45Pi6VlLx6li2GSxiFXHpxoFl9g03AjsJApp5Ats++P7hd9+QaV5LJ/MJMF+RIeSh5xRY6VWOamY6/KgWHKr7hJkk3gZKUGGxqD41QtilkYoDRNU666gMtCM2venWvAA9azQSzUmlI3pELuWShqh7k+XG8/IlVUCEsbKljRkqf6emNJI60nk286ImpFe9xbif143NeFtf8plkhqUbPVRmApiYrI4nwRcITNiYgllihvOCBtRRZmxIRVsEN762ZukVat6btV7rJXqd1kkebiAS6iABzdQhwdoQBMYPMMrzOHN0c7ceXc+Vq05J5s5hz9wPn8AjIqQTw==</latexit><latexit sha1_base64="eU1w5RCPRmfe0HFTGpChdfPWR9o=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRjDBC9nlokeiF4+YyEcChHS7s1Dpdjdt14QQ/oNXPBmv/h8T/40F9qDgSyZ5eW+mnXl+Irg2rvvt5La2d3b38vuFg8Oj45Pi6VlLx6li2GSxiFXHpxoFl9g03AjsJApp5Ats++P7hd9+QaV5LJ/MJMF+RIeSh5xRY6VWOamY6/KgWHKr7hJkk3gZKUGGxqD41QtilkYoDRNU666gMtCM2venWvAA9azQSzUmlI3pELuWShqh7k+XG8/IlVUCEsbKljRkqf6emNJI60nk286ImpFe9xbif143NeFtf8plkhqUbPVRmApiYrI4nwRcITNiYgllihvOCBtRRZmxIRVsEN762ZukVat6btV7rJXqd1kkebiAS6iABzdQhwdoQBMYPMMrzOHN0c7ceXc+Vq05J5s5hz9wPn8AjIqQTw==</latexit> — protein concentration at time t
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Common Cell Types Studied in Molecular Biology

Yeast
~ 5700 genes

E. coli ~ 4300 genes

Mammalian

~ 20,000 genes

Cell Biology by the Numbers, 2017



How do we measure cellular proteins?

Nobel Prize in Chemistry, 2008

Osamu Shimomura, Martin Chalfie and Roger Tsien


“for the discovery and development of the green fluorescent protein, GFP” 

Jellyfish Aequorea victoria



Measuring Cellular Proteins
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Microscopy Flow Cytometry



Experimental Evidence of Random Variability in Gene 
Expression
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Quantifying Variability in Gene Expression
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Two Types of Time-Resolved Data

Fuse protein with 

Flow cytometry
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Do Individual Differences within a Population Matter?

old dogma

cell population

Elowitz et al, Science 2002

Averages hide important information



Biological Influences of Random Gene Expression

Credit: Rocky Mountain Laboratories


Salmonella

Ph

Ph

Kaper et al., Nature Rev. Microbiol. (2004)

E. coli

Ph

Bacillus subtilis

Credit: Michael Ellowitz




Biological Influences of Random Gene Expression 

Noise in Gene Expression:
Origins, Consequences, and Control

Jonathan M. Raser1,2 and Erin K. O’Shea2*.

Genetically identical cells and organisms exhibit remarkable diversity even when they
have identical histories of environmental exposure. Noise, or variation, in the process of
gene expression may contribute to this phenotypic variability. Recent studies suggest
that this noise has multiple sources, including the stochastic or inherently random nature
of the biochemical reactions of gene expression. In this review, we summarize noise
terminology and comment on recent investigations into the sources, consequences, and
control of noise in gene expression.

A ny individual in a population of living
organisms or cells is unique. Much of
population variability is due to genetic

differences, but environment and history also
contribute to variability in cellular
phenotype. Indeed, identical twin
humans or cloned cats differ in
appearance and behavior (Fig. 1 ).
However, even cells or organisms
with the same genes, in the same
environment, with the same history,
display variations in form and be-
havior that can be subtle or dramatic.
Investigations have focused on the
possibility that such variability is
inevitable in biological systems
because of the random nature of
chemical reactions within a cell (1).
When large numbers ofmolecules are
present, chemical reactions may pro-
ceed in a predictable manner. How-
ever, when only a few molecules of a
specific type exist in a cell, stochastic
effects can become prominent.

Gene expression, as defined by
the set of reactions that control the
abundance of gene products, influ-
ences most aspects of cellular be-
havior, and its variation is often
invoked to explain phenotypic dif-
ferences in a population of cells.
Because DNA, RNA, and proteins
can be present and active at a few
copies per cell, the abundance of
gene products is theoretically sensitive to
stochastic fluctuations. Four potential sources of

variation in gene expression must be considered:
(i) as described above, the inherent stochasticity
of biochemical processes that are dependent on
infrequent molecular events involving small

numbers of molecules; (ii) variation in gene
expression owing to differences in the internal
states of a population of cells, either from
predictable processes such as cell cycle pro-
gression or from a random process such as par-
titioning of mitochondria during cell division;
(iii) subtle environmental differences, such as
morphogen gradients in multicellular develop-
ment; and (iv) ongoing genetic mutation, either
random or directed. We use the term Bnoise[ in
gene expression to refer to the measured level of

variation in gene expression among cells, re-
gardless of source, within a supposedly identical
population.

Measurement Techniques and
Definitions
Recent investigations have employed green
fluorescent protein (GFP) variants, which allow
the quantification of protein levels in living cells
by flow cytometry or fluorescence microscopy.
The coefficient of variation, or noise h, is defined
as the ratio of the standard deviation to the mean
of the population. Other metrics of variability

can be useful as well (SOM Text).
Once genetic mutation and local

microenvironments are eliminated as
sources of noise, an elegant experi-
mental method can assist in differ-
entiating among the remaining sources
(2). This method involves quantifying
expression of two equivalent, indepen-
dent gene reporters placed in the same
cell, which then allows noise sources to
be partitioned into two categories:
intrinsic, meaning noise sources that
create differences between the two
reporters within the same cell (Fig.
2 A), and extrinsic, referring to sources
that affect the two reporters equally in
any given cell but create differences
between two cells (Fig. 2 B). Stochastic
events during the process of gene ex-
pression, from the level of promoter-
binding to mRNA translation to
protein degradation, will manifest as
intrinsic noise. Differences between
cells, either in local environment or
in the concentration or activity of any
factor that affects gene expression,
will result in extrinsic noise. Extrin-
sic noise should be further sub-
divided into two categories (3, 4):
global noise, or fluctuations in the

rates of the basic reactions that affect ex-
pression of all genes (Fig. 2 C), and gene-
or pathway-specific extrinsic noise (Fig. 2 D),
such as fluctuations in the abundance of a
particular transcription factor or stochastic
events in a specific signal transduction
pathway. If a factor that causes extrinsic noise
is experimentally manipulable, it is possible to
eliminate such extrinsic noise by reduction of
variability in that factor; for example, cell
cycle synchronization will reduce extrinsic

REVIEW

1Medical Scientist Training Program, 2Howard
Hughes Medical Institute, University of California–
San Francisco, 6 00 16 th Street, GH-S472D, San
Francisco, CA 94143–2240, USA.

*Present address: Howard Hughes Medical Institute,
Harvard University, 7 Divinity Avenue, Bauer 307,
Cambridge, MA 02138, USA.
.To whom correspondence should be addressed.
E-mail: erin_oshea@harvard.edu

Fig. 1. Examples of possible stochastic influences on phenotype. (A) The
fingerprints of identical twins are readily distinguished on close
examination. Reprinted from (37) with permission from Elsevier. (B) Cc,
the first cloned cat (left) and Rainbow, Cc’s genetic mother (right), display
different coat patterns and personalities (38). Photo credit, College of
Veterinary Medicine and Biomedical Sciences, Texas A&M University.

23 SEPTEMBER 2005 VOL 309 SCIENCE www.sciencemag.org2010
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Genetically identical cells and organisms exhibit remarkable diversity even when they
have identical histories of environmental exposure. Noise, or variation, in the process of
gene expression may contribute to this phenotypic variability. Recent studies suggest
that this noise has multiple sources, including the stochastic or inherently random nature
of the biochemical reactions of gene expression. In this review, we summarize noise
terminology and comment on recent investigations into the sources, consequences, and
control of noise in gene expression.

A ny individual in a population of living
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population variability is due to genetic

differences, but environment and history also
contribute to variability in cellular
phenotype. Indeed, identical twin
humans or cloned cats differ in
appearance and behavior (Fig. 1 ).
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with the same genes, in the same
environment, with the same history,
display variations in form and be-
havior that can be subtle or dramatic.
Investigations have focused on the
possibility that such variability is
inevitable in biological systems
because of the random nature of
chemical reactions within a cell (1).
When large numbers ofmolecules are
present, chemical reactions may pro-
ceed in a predictable manner. How-
ever, when only a few molecules of a
specific type exist in a cell, stochastic
effects can become prominent.

Gene expression, as defined by
the set of reactions that control the
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ences most aspects of cellular be-
havior, and its variation is often
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ferences in a population of cells.
Because DNA, RNA, and proteins
can be present and active at a few
copies per cell, the abundance of
gene products is theoretically sensitive to
stochastic fluctuations. Four potential sources of
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(i) as described above, the inherent stochasticity
of biochemical processes that are dependent on
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numbers of molecules; (ii) variation in gene
expression owing to differences in the internal
states of a population of cells, either from
predictable processes such as cell cycle pro-
gression or from a random process such as par-
titioning of mitochondria during cell division;
(iii) subtle environmental differences, such as
morphogen gradients in multicellular develop-
ment; and (iv) ongoing genetic mutation, either
random or directed. We use the term Bnoise[ in
gene expression to refer to the measured level of

variation in gene expression among cells, re-
gardless of source, within a supposedly identical
population.

Measurement Techniques and
Definitions
Recent investigations have employed green
fluorescent protein (GFP) variants, which allow
the quantification of protein levels in living cells
by flow cytometry or fluorescence microscopy.
The coefficient of variation, or noise h, is defined
as the ratio of the standard deviation to the mean
of the population. Other metrics of variability

can be useful as well (SOM Text).
Once genetic mutation and local

microenvironments are eliminated as
sources of noise, an elegant experi-
mental method can assist in differ-
entiating among the remaining sources
(2). This method involves quantifying
expression of two equivalent, indepen-
dent gene reporters placed in the same
cell, which then allows noise sources to
be partitioned into two categories:
intrinsic, meaning noise sources that
create differences between the two
reporters within the same cell (Fig.
2 A), and extrinsic, referring to sources
that affect the two reporters equally in
any given cell but create differences
between two cells (Fig. 2 B). Stochastic
events during the process of gene ex-
pression, from the level of promoter-
binding to mRNA translation to
protein degradation, will manifest as
intrinsic noise. Differences between
cells, either in local environment or
in the concentration or activity of any
factor that affects gene expression,
will result in extrinsic noise. Extrin-
sic noise should be further sub-
divided into two categories (3, 4):
global noise, or fluctuations in the

rates of the basic reactions that affect ex-
pression of all genes (Fig. 2 C), and gene-
or pathway-specific extrinsic noise (Fig. 2 D),
such as fluctuations in the abundance of a
particular transcription factor or stochastic
events in a specific signal transduction
pathway. If a factor that causes extrinsic noise
is experimentally manipulable, it is possible to
eliminate such extrinsic noise by reduction of
variability in that factor; for example, cell
cycle synchronization will reduce extrinsic
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J. Raser and E. O’Shea,  Science, 2005  

Fingerprints of identical twins

Cc, the first cloned cat and Rainbow,

 her genetic mother



Origin of Randomness in Gene Expression

Reactants are discrete in nature; 
some are scarce


Chemical reactions are random

A probabilistic approach is needed

Random fluctuations in a cell


Cell-cell variability

Biological Consequences

Modeling Consequences

The Picture inside a Cell

cell 1
cell 2
cell 3
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protein A  
count

time



Modeling Gene Expression
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• The number of mRNAs and proteins in a cell
are discrete random variables: Xr(t) and Xp(t)

• The probability that a single mRNA is transrcibed
in time h is krh+ o(h)

• The probability that a single mRNA is degraded
in time h is Xr(t)�rh+ o(h)

Stochastic modelγp

kp

γr
φ

φ

GENE

kr

mRNA

protein

DNA

X(t) =


Xr(t)
Xp(t)

�
is a continuous-time

discrete-state Markov process

X(t) =


Xr(t)
Xp(t)

�
is a continuous-time

discrete-state Markov process

o(h)

h
! 0 as h ! 0
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Modeling Gene Expression

γp
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d

dt
E(Xr) = kr � �rE(Xr)

d

dt
E(Xp) = kpE(Xr)� �pE(Xp)

E(p) =
kpkr
�p�r
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Cv(p) =
1

q
E(p)

(1 +
kp

�p + �r
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(protein)

(mRNA)
Cv(r) =

1
q
E(r)
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Cv = coe�cient of variation =
standard deviation

mean

At stationarity

Mean Dynamics



Model Allows Heterogeneity in Genetically Identical 
Cells

What is the probability of finding N mRNA 
molecules in a give cell at time t?

What is the stationary mean and variance of 
the protein in a population?

Given measurements of the joint distribution 
of protein and mRNA at times T1,…,Tn, can 
we infer the gene expression parameters?

     

Questions we can ask:

…

…



Deterministic Model Fails to Capture Mean

•  Stochastic mean value different from deterministic steady state
•  Noise enhances signal! 

Johan Paulsson , Otto G. Berg , and Måns Ehrenberg, PNAS 2000
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Noise Induced Oscillations

Circadian rhythm

Vilar, Kueh, Barkai, Leibler, PNAS 2002

• Oscillations disappear from deterministic model after a small reduction in deg. of repressor 
• (Coherence resonance) Regularity of noise induced oscillations can be manipulated  
   by tuning the level of noise [El-Samad, Khammash]



The Pap Pili Stochastic Switch

• Pili enable uropathogenic E. coli to attach to epithelial cell receptors 
‣ Plays an essential role in the pathogenesis of urinary tract infections


• E. coli expresses two states ON (piliated) or OFF (unpiliated)  


• Piliation is controlled by a stochastic switch that involves random 
molecular events

Uropathogenic
E. coli



Same genetic code.
Same chemical environment.

Virulent 
phenotype.

Harmless 
phenotype.
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Stochastic Switching: Identical Genotype 
Produces Different Phenotype

Random Reactions can lead to 
vastly different results 



- What will happen?
- How frequently?     
-  Why does it happen?
- Under what conditions?

- What advantages does 
it provide?

- How can we prevent it?
- How can we cause it?

For these systems, we need analytical models to answer:

 27

Stochastic Switching: Identical Genotype 
Produces Different Phenotype



A Simplified Pap Switch Model

Lrp

•  Lrp can (un)bind either or both of two binding sites

•  A (un)binding reaction is a random event

leucine regulatory protein

One gene g

Site 1 Site 2



R3
R4

State g3

R8
R7R6R5

State g4

R1 R2

Lrp

State g1

State g2



R3
R4

State g3

R8
R7R6R5

State g4

R1 R2

Lrp

State g1

State g2

PapI   
 

ON 

OFF

OFF

OFF

Piliation takes place 
if gene is ON at specific 

time: T



Identical Genotype Leads to Different Phenotype 
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An Introduction to Stochastic Modeling:  
Gene Transcription



�

k

N

Degradation: Probability a single mRNA
is degraded in time dt is n�dt

A Simple Example

φ

DNA

mRNA
mRNA copy number N(t) is a random variable

Transcription: Probability a single mRNA
is transcribed in time dt is krdt

n� 10 1 2 n n + 1.....

k k k k

(n + 1)�n��

.....

k k

(n� 1)�2� 3�



n� 10 1 2 n n + 1.
k k k k

(n + 1)�n��

.
k k

(n� 1)�2� 3�

Find p(n, t), the probability that N(t) = n.

P (n, t + dt) = P (n� 1, t) · kdt

+ P (n + 1, t) · (n + 1)�dt

+ P (n, t) · (1� kdt)(1� n�dt)

Prob.{N(t) = n� 1 and mRNA created in [t,t+dt)}

Prob.{N(t) = n + 1 and mRNA degraded in [t,t+dt)}

Prob.{N(t) = n and
mRNA not created nor degraded in [t,t+dt)}

P (n, t + dt)� P (n, t) = P (n� 1, t)kdt + P (n + 1, t)(n + 1)�dt� P (n, t)(k + n�)dt

+O(dt2)

Dividing by dt and taking the limit as dt� 0

d

dt
P (n, t) = kP (n� 1, t) + (n + 1)�P (n + 1, t)� (k + n�)P (n, t)

The Chemical Master Equation

Key Question:



We look for the stationary distribution

From the Master Equation ...

n = 0 kp(0) = �p(1)

...

mRNA Stationary Distribution

P (n, t) = p(n) �t

(k + n�)p(n) = kp(n� 1) + (n + 1)�p(n + 1)

The stationary solution satisfies: d
dtP (n, t) = 0

kp(1) = 2�p(2)

n = 2 kp(2) = 3�p(3)

n = 1

kp(n� 1) = n� p(n)



kp(n� 1) = n� p(n) We can express p(n) as a function of p(0):

p(n) = e�aan

n!

We can solve for p(0) using the fact
��

n=0
p(n) = 1

�

Poisson Distribution

1 =
�⇤

n=0

�
k

�

⇥n 1

n!
p(0)

= ek/� p(0) p(0) = e�k/�

a =
k

�

p(n) =
k

�

1

n
p(n� 1)

=

�
k

�

⇥2 1

n

1

n� 1
p(n� 2)

...

=

�
k

�

⇥n 1

n!
p(0)



We can compute the mean and variance of the Poisson RV N̄ with
density p(n) = e�aan

n! :

µ = E[N̄ ] =
⇥�

n=0
np(n) = e�a

⇥�

n=0
n

an

n!
= a

The second moment

E[N̄2] =
⇥�

n=0
n2p(n) = a2 + a

Therefore,

⇥2 = E[N̄2]� E[N̄ ]2 = a

mean = variance = a

The coe�cient of variation Cv = ⇥/µ is

Cv =
1
⇤

a
=

1
⇤

µ
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Stationary distribution:
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Using Data for Parameter Inference



It is impossible to identify all model parameters using
average proteins measurements: E[p(t1)], E[p(t2)], . . .

If measurements of E[p] and E[p2] are used, then
identifiability is possible with five time measurements.

Given mean and standard deviation at two times instances:

(⌧ := t1 � t0)

�r = � 1

2⌧
log

✓
�2
1 � µ1

�2
0 � µ0

◆
and kr = �r

µ1 � exp(��r⌧)µ0

1� exp(��r⌧)
.

(µ0,�0) := (µ(t0),�(t0)) and (µ1,�1) := (µ(t1),�(t1))

Parameter Inference from Population Statistics

v(t) :=
⇥
E[r] E[r2] E[p] E[p2] E[pr]

⇤T

Suppose the vector of moments v(t) is known at two times t0 < t1 < 1.

Then all four model parameters are identifiable using only v(t1) and v(t2).

Explicit formulae in the case of mRNA measurements

Identifiability of All Model Parameters

Lack of identifiability from average protein measurements

Protein Variability Measurements Enables Identifiability

Munsky, Trinh, and Khammash (2009) 
Nature/EMBO Molecular Systems Biology

γp

kr

kp

γr

φ

φ

DNA

mRNA

protein



Using pdf Estimates to Identify Parameters

We can use these to identify unknown network parameters �:

Suppose we measure P at di�erent times: P(t0),P(t1), . . . ,P(tN�1)

Using Density Measurements:
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more informative than  
mean and variance alone

subject to

Minimum mismatch:

Ṗ� = A(�)P�
<latexit sha1_base64="9/E3KkJwlc1AFwX1hbWuL3CbNG0=">AAACKXicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJF70IVS89VrC10JSy2W7apZsPshOhhPwX74I/xJvgQQW9+EfctD3Y1oGFx3uzM2+eE0qh0DQ/jNzK6tr6Rn6zsLW9s7tX3D9oqSCOGG+yQAZR26GKS+HzJgqUvB1GnHqO5PfO6CbT7x94pETg3+E45F2PDnzhCkZRU71indiTIYkjY57a/QAT26M4dFzSSHuJLfWoPk0vryozeEJmevJXJ4VesWxWzUmRZWDNQLlWsk8fAaDRK77obSz2uI9MUqU6lhliN6ERCiZ5WrBjxUPKRnTAk4nFlBxrqk/cINLPRzJh5/qop9TYc3Rn5lEtahn5n9aJ0b3oJsIPY+Q+my5yY0kwIFlopC8izlCOCWVM+40pah9sSCPKUIebHW8tnroMWmdVy6xatzqFa5hWHo6gBBWw4BxqUIcGNIHBM7zBF3wbT8ar8W58TltzxuzPIcyV8fMLhmSotA==</latexit><latexit sha1_base64="O6ZNeqzg1ec50RocrMz9oOkV3oU=">AAACKXicbVDLSsNAFJ3UV62vqks3Q4tQEUriRjdC1U2XFewDmhImk0k7dPIgcyOUkL/wLwQ/xJ3gwgq68UectFnY1gsDh3Pu3HvusUPBJej6VCusrW9sbhW3Szu7e/sH5cOjjgziiLI2DUQQ9WwimeA+awMHwXphxIhnC9a1x3eZ3n1kkeSB/wCTkA08MvS5yykBRVnlJjZnQxJbxCw1nQAS0yMwsl3cSq3EFGqUQ9Lrm1oOz3CuJ391XLLKVb2uzwqvAiMH1UbFPH+aNiYtq/yqttHYYz5QQaTsG3oIg4REwKlgacmMJQsJHZMhS2YWU3yqKAe7QaSeD3jGLvQRT8qJZ6vOzKNc1jLyP60fg3s1SLgfxsB8Ol/kxgJDgLPQsMMjRkFMMKFU+Y0JKB90RCJCQYWbHW8sn7oKOhd1Q68b9yqFWzSvIjpBFVRDBrpEDdRELdRGFL2gd/SFvrVn7U370D7nrQUt/3OMFkr7+QWDnqo6</latexit><latexit sha1_base64="O6ZNeqzg1ec50RocrMz9oOkV3oU=">AAACKXicbVDLSsNAFJ3UV62vqks3Q4tQEUriRjdC1U2XFewDmhImk0k7dPIgcyOUkL/wLwQ/xJ3gwgq68UectFnY1gsDh3Pu3HvusUPBJej6VCusrW9sbhW3Szu7e/sH5cOjjgziiLI2DUQQ9WwimeA+awMHwXphxIhnC9a1x3eZ3n1kkeSB/wCTkA08MvS5yykBRVnlJjZnQxJbxCw1nQAS0yMwsl3cSq3EFGqUQ9Lrm1oOz3CuJ391XLLKVb2uzwqvAiMH1UbFPH+aNiYtq/yqttHYYz5QQaTsG3oIg4REwKlgacmMJQsJHZMhS2YWU3yqKAe7QaSeD3jGLvQRT8qJZ6vOzKNc1jLyP60fg3s1SLgfxsB8Ol/kxgJDgLPQsMMjRkFMMKFU+Y0JKB90RCJCQYWbHW8sn7oKOhd1Q68b9yqFWzSvIjpBFVRDBrpEDdRELdRGFL2gd/SFvrVn7U370D7nrQUt/3OMFkr7+QWDnqo6</latexit><latexit sha1_base64="C/Ya+PucsaiZAMCJgQ1UMY6Mqqg=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0Wom5K40Y1QddNlBfuApoTJZNIOnTzI3Agl5IsEP8Sd4EIF3fgjTtIsbOuFgcM5d+499ziR4BIM40OrrK1vbG5Vt2s7u3v7B/rhUU+GSUxZl4YijAcOkUzwgHWBg2CDKGbEdwTrO9O7XO8/sljyMHiAWcRGPhkH3OOUgKJsvY2tYkjqiIRllhtCavkEJo6HO5mdWkKNckl2fdMo4Tku9fSvjmu2XjeaRlF4FZglqKOyOrb+orbRxGcBUEGkHJpGBKOUxMCpYFnNSiSLCJ2SMUsLixk+U5SLvTBWLwBcsAt9xJdy5juqM/col7Wc/E8bJuBdjVIeRAmwgM4XeYnAEOI8NOzymFEQM0woVX4TAsoHnZCYUFDh5seby6eugt5F0zSa5r1Rb92WMVTRCTpFDWSiS9RCbdRBXUTRM3pDX+hbe9JetXftc95a0co/x2ihtJ9fgC2nKw==</latexit>

(Chemical Master Equation)
<latexit sha1_base64="EKznJrFHuPk5YYYqgWKCcXu6ld0=">AAAB+3icbVDLSgMxFL3js9bXqDvdBItQN2WmG10Wi+BGqGAf0JaSSe+0oZmHSUYopeC/CC5E0I0/4R/4N6bT2bT1QuDknBNy7vFiwZV2nF9rbX1jc2s7t5Pf3ds/OLSPjhsqSiTDOotEJFseVSh4iHXNtcBWLJEGnsCmN6rO9OYzSsWj8FGPY+wGdBBynzOqDdWzT4vVIQbmKsg9VRoluX1KUu2yZxeckpMOWQVuBgqQTa1n/3T6EUsCDDUTVKm268S6O6FScyZwmu8kCmPKRnSAkzT5lFwYqk/8SJoTapKyCz4aKDUOPOMMqB6qZW1G/qe1E+1fdyc8jBONIZt/5CeC6IjMaiB9LpFpMSaUMZPXrGxysCGVlJkSVN4s7y6vugoa5ZLrlNyHcqFyk9WQgzM4hyK4cAUVuIMa1IHBC7zBJ3xZU+vVerc+5tY1K3tzAgtjff8B7oCTkg==</latexit><latexit sha1_base64="EKznJrFHuPk5YYYqgWKCcXu6ld0=">AAAB+3icbVDLSgMxFL3js9bXqDvdBItQN2WmG10Wi+BGqGAf0JaSSe+0oZmHSUYopeC/CC5E0I0/4R/4N6bT2bT1QuDknBNy7vFiwZV2nF9rbX1jc2s7t5Pf3ds/OLSPjhsqSiTDOotEJFseVSh4iHXNtcBWLJEGnsCmN6rO9OYzSsWj8FGPY+wGdBBynzOqDdWzT4vVIQbmKsg9VRoluX1KUu2yZxeckpMOWQVuBgqQTa1n/3T6EUsCDDUTVKm268S6O6FScyZwmu8kCmPKRnSAkzT5lFwYqk/8SJoTapKyCz4aKDUOPOMMqB6qZW1G/qe1E+1fdyc8jBONIZt/5CeC6IjMaiB9LpFpMSaUMZPXrGxysCGVlJkSVN4s7y6vugoa5ZLrlNyHcqFyk9WQgzM4hyK4cAUVuIMa1IHBC7zBJ3xZU+vVerc+5tY1K3tzAgtjff8B7oCTkg==</latexit><latexit sha1_base64="EKznJrFHuPk5YYYqgWKCcXu6ld0=">AAAB+3icbVDLSgMxFL3js9bXqDvdBItQN2WmG10Wi+BGqGAf0JaSSe+0oZmHSUYopeC/CC5E0I0/4R/4N6bT2bT1QuDknBNy7vFiwZV2nF9rbX1jc2s7t5Pf3ds/OLSPjhsqSiTDOotEJFseVSh4iHXNtcBWLJEGnsCmN6rO9OYzSsWj8FGPY+wGdBBynzOqDdWzT4vVIQbmKsg9VRoluX1KUu2yZxeckpMOWQVuBgqQTa1n/3T6EUsCDDUTVKm268S6O6FScyZwmu8kCmPKRnSAkzT5lFwYqk/8SJoTapKyCz4aKDUOPOMMqB6qZW1G/qe1E+1fdyc8jBONIZt/5CeC6IjMaiB9LpFpMSaUMZPXrGxysCGVlJkSVN4s7y6vugoa5ZLrlNyHcqFyk9WQgzM4hyK4cAUVuIMa1IHBC7zBJ3xZU+vVerc+5tY1K3tzAgtjff8B7oCTkg==</latexit><latexit sha1_base64="EKznJrFHuPk5YYYqgWKCcXu6ld0=">AAAB+3icbVDLSgMxFL3js9bXqDvdBItQN2WmG10Wi+BGqGAf0JaSSe+0oZmHSUYopeC/CC5E0I0/4R/4N6bT2bT1QuDknBNy7vFiwZV2nF9rbX1jc2s7t5Pf3ds/OLSPjhsqSiTDOotEJFseVSh4iHXNtcBWLJEGnsCmN6rO9OYzSsWj8FGPY+wGdBBynzOqDdWzT4vVIQbmKsg9VRoluX1KUu2yZxeckpMOWQVuBgqQTa1n/3T6EUsCDDUTVKm268S6O6FScyZwmu8kCmPKRnSAkzT5lFwYqk/8SJoTapKyCz4aKDUOPOMMqB6qZW1G/qe1E+1fdyc8jBONIZt/5CeC6IjMaiB9LpFpMSaUMZPXrGxysCGVlJkSVN4s7y6vugoa5ZLrlNyHcqFyk9WQgzM4hyK4cAUVuIMa1IHBC7zBJ3xZU+vVerc+5tY1K3tzAgtjff8B7oCTkg==</latexit>

min
�

X

i

|P�(ti)�P(ti)|
<latexit sha1_base64="NcPgnGOffiA7GCV0UOBJAVhcKPQ="></latexit><latexit sha1_base64="07dRi6pteOxc6lQMOkC26HRn+xU="></latexit><latexit sha1_base64="07dRi6pteOxc6lQMOkC26HRn+xU="></latexit><latexit sha1_base64="sW3V0ywdy05FJXtu9TeLhSmZYtk="></latexit>

Ṗ� = A(�)P�
<latexit sha1_base64="9/E3KkJwlc1AFwX1hbWuL3CbNG0=">AAACKXicbVBNS8NAEJ3Ur1q/qh69LC1CRSiJF70IVS89VrC10JSy2W7apZsPshOhhPwX74I/xJvgQQW9+EfctD3Y1oGFx3uzM2+eE0qh0DQ/jNzK6tr6Rn6zsLW9s7tX3D9oqSCOGG+yQAZR26GKS+HzJgqUvB1GnHqO5PfO6CbT7x94pETg3+E45F2PDnzhCkZRU71indiTIYkjY57a/QAT26M4dFzSSHuJLfWoPk0vryozeEJmevJXJ4VesWxWzUmRZWDNQLlWsk8fAaDRK77obSz2uI9MUqU6lhliN6ERCiZ5WrBjxUPKRnTAk4nFlBxrqk/cINLPRzJh5/qop9TYc3Rn5lEtahn5n9aJ0b3oJsIPY+Q+my5yY0kwIFlopC8izlCOCWVM+40pah9sSCPKUIebHW8tnroMWmdVy6xatzqFa5hWHo6gBBWw4BxqUIcGNIHBM7zBF3wbT8ar8W58TltzxuzPIcyV8fMLhmSotA==</latexit><latexit sha1_base64="O6ZNeqzg1ec50RocrMz9oOkV3oU=">AAACKXicbVDLSsNAFJ3UV62vqks3Q4tQEUriRjdC1U2XFewDmhImk0k7dPIgcyOUkL/wLwQ/xJ3gwgq68UectFnY1gsDh3Pu3HvusUPBJej6VCusrW9sbhW3Szu7e/sH5cOjjgziiLI2DUQQ9WwimeA+awMHwXphxIhnC9a1x3eZ3n1kkeSB/wCTkA08MvS5yykBRVnlJjZnQxJbxCw1nQAS0yMwsl3cSq3EFGqUQ9Lrm1oOz3CuJ391XLLKVb2uzwqvAiMH1UbFPH+aNiYtq/yqttHYYz5QQaTsG3oIg4REwKlgacmMJQsJHZMhS2YWU3yqKAe7QaSeD3jGLvQRT8qJZ6vOzKNc1jLyP60fg3s1SLgfxsB8Ol/kxgJDgLPQsMMjRkFMMKFU+Y0JKB90RCJCQYWbHW8sn7oKOhd1Q68b9yqFWzSvIjpBFVRDBrpEDdRELdRGFL2gd/SFvrVn7U370D7nrQUt/3OMFkr7+QWDnqo6</latexit><latexit sha1_base64="O6ZNeqzg1ec50RocrMz9oOkV3oU=">AAACKXicbVDLSsNAFJ3UV62vqks3Q4tQEUriRjdC1U2XFewDmhImk0k7dPIgcyOUkL/wLwQ/xJ3gwgq68UectFnY1gsDh3Pu3HvusUPBJej6VCusrW9sbhW3Szu7e/sH5cOjjgziiLI2DUQQ9WwimeA+awMHwXphxIhnC9a1x3eZ3n1kkeSB/wCTkA08MvS5yykBRVnlJjZnQxJbxCw1nQAS0yMwsl3cSq3EFGqUQ9Lrm1oOz3CuJ391XLLKVb2uzwqvAiMH1UbFPH+aNiYtq/yqttHYYz5QQaTsG3oIg4REwKlgacmMJQsJHZMhS2YWU3yqKAe7QaSeD3jGLvQRT8qJZ6vOzKNc1jLyP60fg3s1SLgfxsB8Ol/kxgJDgLPQsMMjRkFMMKFU+Y0JKB90RCJCQYWbHW8sn7oKOhd1Q68b9yqFWzSvIjpBFVRDBrpEDdRELdRGFL2gd/SFvrVn7U370D7nrQUt/3OMFkr7+QWDnqo6</latexit><latexit sha1_base64="C/Ya+PucsaiZAMCJgQ1UMY6Mqqg=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0Wom5K40Y1QddNlBfuApoTJZNIOnTzI3Agl5IsEP8Sd4EIF3fgjTtIsbOuFgcM5d+499ziR4BIM40OrrK1vbG5Vt2s7u3v7B/rhUU+GSUxZl4YijAcOkUzwgHWBg2CDKGbEdwTrO9O7XO8/sljyMHiAWcRGPhkH3OOUgKJsvY2tYkjqiIRllhtCavkEJo6HO5mdWkKNckl2fdMo4Tku9fSvjmu2XjeaRlF4FZglqKOyOrb+orbRxGcBUEGkHJpGBKOUxMCpYFnNSiSLCJ2SMUsLixk+U5SLvTBWLwBcsAt9xJdy5juqM/col7Wc/E8bJuBdjVIeRAmwgM4XeYnAEOI8NOzymFEQM0woVX4TAsoHnZCYUFDh5seby6eugt5F0zSa5r1Rb92WMVTRCTpFDWSiS9RCbdRBXUTRM3pDX+hbe9JetXftc95a0co/x2ihtJ9fgC2nKw==</latexit>

subject tomax
�

logL(�|{P(ti)}) = max
�

X

i

hP(ti), logP�(ti)i
<latexit sha1_base64="ByHgfBTt6lkdjGM9ak0czvyH0aY="></latexit><latexit sha1_base64="Z0rpX+VvGjxIs2KiyEI0HgXjcaU="></latexit><latexit sha1_base64="Z0rpX+VvGjxIs2KiyEI0HgXjcaU="></latexit><latexit sha1_base64="mxE9dWlpkGD8SuKtIbqfUCox2h8="></latexit>

Maximum likelihood:

P (�|{P(ti)}) / L(�|{P(ti)}) · P (�)

Bayesian:

P(t0)
<latexit sha1_base64="01X0+v3+1J8mmAEK8boBAf8r/9Q=">AAAB8HicbVDLSgNBEOyNrxgfWfXoZUkQIkLY9aLHoBePEcwDsmGZncwmQ2YfzPQIIeQ/BA8q6MVP8Q/8G2eTXJLYMFBU1dBVHWaCK3TdX6uwtb2zu1fcLx0cHh2X7ZPTtkq1pKxFU5HKbkgUEzxhLeQoWDeTjMShYJ1wfJ/rnWcmFU+TJ5xkrB+TYcIjTgkaKrDLfkxwFEbT5qyGgXsZ2FW37s7H2QTeElQbFf/qHQCagf3jD1KqY5YgFUSpnudm2J8SiZwKNiv5WrGM0DEZsuk87sy5MNTAiVJpXoLOnF3xkVipSRwaZx5OrWs5+Z/W0xjd9qc8yTSyhC4WRVo4mDp5d2fAJaMoJg6h1OTVBE0OOiKSUDQ3Kpny3nrVTdC+rntu3Xs0V7iDxRThHCpQAw9uoAEP0IQWUNDwCp/wZUnrxXqzPhbWgrX8cwYrY33/ATv0kLw=</latexit><latexit sha1_base64="Ulq0bjYjtva4TnxVv9ZvWahCcIs=">AAAB8HicbVDLSgMxFM34rPXRUZduQotQEcqMG10W3bisYB/QKUMmzbShmQfJjTAM/QsXggsRdOOn+Af9GzNtN229EDicc8I95wap4AocZ2Ztbe/s7u2XDsqHR8cnFfv0rKMSLSlr00QkshcQxQSPWRs4CNZLJSNRIFg3mDwUeveFScWT+BmylA0iMop5yCkBQ/l2xYsIjIMwb03r4DtXvl1zGs588CZwl6DWrHrXr7Nm1vLtX2+YUB2xGKggSvVdJ4VBTiRwKti07GnFUkInZMTyedwpvjTUEIeJNC8GPGdXfCRSKosC4yzCqXWtIP/T+hrCu0HO41QDi+liUagFhgQX3fGQS0ZBZJhQavJqAiYHHRNJKJgblU15d73qJujcNFyn4T6ZK9yjxZTQBaqiOnLRLWqiR9RCbUSRRu/oC31b0nqzPqzPhXXLWv45Rytj/fwBOS6SQg==</latexit><latexit sha1_base64="Ulq0bjYjtva4TnxVv9ZvWahCcIs=">AAAB8HicbVDLSgMxFM34rPXRUZduQotQEcqMG10W3bisYB/QKUMmzbShmQfJjTAM/QsXggsRdOOn+Af9GzNtN229EDicc8I95wap4AocZ2Ztbe/s7u2XDsqHR8cnFfv0rKMSLSlr00QkshcQxQSPWRs4CNZLJSNRIFg3mDwUeveFScWT+BmylA0iMop5yCkBQ/l2xYsIjIMwb03r4DtXvl1zGs588CZwl6DWrHrXr7Nm1vLtX2+YUB2xGKggSvVdJ4VBTiRwKti07GnFUkInZMTyedwpvjTUEIeJNC8GPGdXfCRSKosC4yzCqXWtIP/T+hrCu0HO41QDi+liUagFhgQX3fGQS0ZBZJhQavJqAiYHHRNJKJgblU15d73qJujcNFyn4T6ZK9yjxZTQBaqiOnLRLWqiR9RCbUSRRu/oC31b0nqzPqzPhXXLWv45Rytj/fwBOS6SQg==</latexit><latexit sha1_base64="9JXO1gUwaEW53Ux9V3cHBRZ3UVY=">AAAB8HicbVDLSgMxFL3js9ZHqy7dDBahbkrGjS6LblxWsA9oy5BJM21o5kFyI5Sh/yG4EEE3fop/4N+YaWfT1guBwzkn3HNukEqhkZBfZ2t7Z3dvv3RQPjw6PqlUT886OjGK8TZLZKJ6AdVcipi3UaDkvVRxGgWSd4PpQ653X7jSIomfcZbyYUTHsQgFo2gpv1oZRBQnQZi15nX0ybVfrZEGWYy7CbwC1KCYll/9GYwSZiIeI5NU675HUhxmVKFgks/LA6N5StmUjnm2iDt3ryw1csNE2Reju2BXfDTSehYF1pmH0+taTv6n9Q2Gd8NMxKlBHrPlotBIFxM37+6OhOIM5cyljNm8hqLNwSZUUYb2RmVb3luvugk6Nw2PNLwnUmveF2cowQVcQh08uIUmPEIL2sDAwBt8wpejnFfn3flYWrec4s85rIzz/Qc1vY8z</latexit>

P(t1)
<latexit sha1_base64="V3JFh+bO3goypYZL3eGaI2/sDTg=">AAAB8HicbVDLSgNBEOyNrxgfWfXoZUkQIkLY9aLHoBePEcwDsmGZncwmQ2YfzPQIIeQ/BA8q6MVP8Q/8G2eTXJLYMFBU1dBVHWaCK3TdX6uwtb2zu1fcLx0cHh2X7ZPTtkq1pKxFU5HKbkgUEzxhLeQoWDeTjMShYJ1wfJ/rnWcmFU+TJ5xkrB+TYcIjTgkaKrDLfkxwFEbT5qyGgXcZ2FW37s7H2QTeElQbFf/qHQCagf3jD1KqY5YgFUSpnudm2J8SiZwKNiv5WrGM0DEZsuk87sy5MNTAiVJpXoLOnF3xkVipSRwaZx5OrWs5+Z/W0xjd9qc8yTSyhC4WRVo4mDp5d2fAJaMoJg6h1OTVBE0OOiKSUDQ3Kpny3nrVTdC+rntu3Xs0V7iDxRThHCpQAw9uoAEP0IQWUNDwCp/wZUnrxXqzPhbWgrX8cwYrY33/AT1xkL0=</latexit><latexit sha1_base64="W6TYsQPdRwkamuG9GeVQmC8I17I=">AAAB8HicbVDLSgMxFM34rPXRUZduQotQEcqMG10W3bisYB/QKUMmzbShmQfJjTAM/QsXggsRdOOn+Af9GzNtN229EDicc8I95wap4AocZ2Ztbe/s7u2XDsqHR8cnFfv0rKMSLSlr00QkshcQxQSPWRs4CNZLJSNRIFg3mDwUeveFScWT+BmylA0iMop5yCkBQ/l2xYsIjIMwb03r4LtXvl1zGs588CZwl6DWrHrXr7Nm1vLtX2+YUB2xGKggSvVdJ4VBTiRwKti07GnFUkInZMTyedwpvjTUEIeJNC8GPGdXfCRSKosC4yzCqXWtIP/T+hrCu0HO41QDi+liUagFhgQX3fGQS0ZBZJhQavJqAiYHHRNJKJgblU15d73qJujcNFyn4T6ZK9yjxZTQBaqiOnLRLWqiR9RCbUSRRu/oC31b0nqzPqzPhXXLWv45Rytj/fwBOquSQw==</latexit><latexit sha1_base64="W6TYsQPdRwkamuG9GeVQmC8I17I=">AAAB8HicbVDLSgMxFM34rPXRUZduQotQEcqMG10W3bisYB/QKUMmzbShmQfJjTAM/QsXggsRdOOn+Af9GzNtN229EDicc8I95wap4AocZ2Ztbe/s7u2XDsqHR8cnFfv0rKMSLSlr00QkshcQxQSPWRs4CNZLJSNRIFg3mDwUeveFScWT+BmylA0iMop5yCkBQ/l2xYsIjIMwb03r4LtXvl1zGs588CZwl6DWrHrXr7Nm1vLtX2+YUB2xGKggSvVdJ4VBTiRwKti07GnFUkInZMTyedwpvjTUEIeJNC8GPGdXfCRSKosC4yzCqXWtIP/T+hrCu0HO41QDi+liUagFhgQX3fGQS0ZBZJhQavJqAiYHHRNJKJgblU15d73qJujcNFyn4T6ZK9yjxZTQBaqiOnLRLWqiR9RCbUSRRu/oC31b0nqzPqzPhXXLWv45Rytj/fwBOquSQw==</latexit><latexit sha1_base64="XQzak6+1eyGUpmC1Dscnwp4IjyI=">AAAB8HicbVDLSgMxFL3js9ZHqy7dBItQN2XGjS6LblxWsA9oy5BJM21o5kFyI5Sh/yG4EEE3fop/4N+YaWfT1guBwzkn3HNukEqh0XV/na3tnd29/dJB+fDo+KRSPT3r6MQoxtsskYnqBVRzKWLeRoGS91LFaRRI3g2mD7nefeFKiyR+xlnKhxEdxyIUjKKl/GplEFGcBGHWmtfR9679as1tuIshm8ArQA2KafnVn8EoYSbiMTJJte57borDjCoUTPJ5eWA0Tymb0jHPFnHn5MpSIxImyr4YyYJd8dFI61kUWGceTq9rOfmf1jcY3g0zEacGecyWi0IjCSYk705GQnGGckYoYzavoWhzsAlVlKG9UdmW99arboLOTcNzG96TW2veF2cowQVcQh08uIUmPEIL2sDAwBt8wpejnFfn3flYWrec4s85rIzz/Qc3Oo80</latexit>

… P(tN�1)
<latexit sha1_base64="ioETpouVV1qsz3Hs7Hs7fPnDgX8=">AAAB9HicbVDLSsNAFL2pr1pf0S7dhBahIpbEjS6LblxJBfuApoTJdNIOnTzI3BRCyJ8ICiLoxg/xD/wbJ62btl4YOJxzhnvOdSPBJZrmj1ba2Nza3invVvb2Dw6P9OOTrgyTmLIODUUY910imeAB6yBHwfpRzIjvCtZzp3eF3puxWPIweMI0YkOfjAPucUpQUY5etX2CE9fL2nkDnezh0srPHb1uNs35GOvA+gP1Vs2+eAWAtqN/26OQJj4LkAoi5cAyIxxmJEZOBcsrdiJZROiUjFk2j5wbZ4oaGV4YqxegMWeXfMSXMvVd5SwCylWtIP/TBgl6N8OMB1GCLKCLRV4iDAyNor8x4jGjKFKDUKryJgRVDjohMaGo7lRR5a3Vquuge9W0zKb1qK5wC4spwynUoAEWXEML7qENHaCQwgt8wKc20561N+19YS1pf3+qsDTa1y8R0pJY</latexit><latexit sha1_base64="wBHl6uHugbS1KzR44c3j/OAvMF4=">AAAB9HicbVDLSsNAFJ3UV62vapduhhahIpbEjS6LblxJBfuApoTJdNIOnTyYuSmEkL9wKbgQQTd+iH/Qv3HSdtPWCwOHc85wz7luJLgC05wZha3tnd294n7p4PDo+KR8etZRYSwpa9NQhLLnEsUED1gbOAjWiyQjvitY15085Hp3yqTiYfACScQGPhkF3OOUgKaccsX2CYxdL21ldXDSp2sru3TKNbNhzgdvAmsJas2qffU6ayYtp/xrD0Ma+ywAKohSfcuMYJASCZwKlpXsWLGI0AkZsXQeOcMXmhpiL5T6BYDn7IqP+EolvqudeUC1ruXkf1o/Bu9ukPIgioEFdLHIiwWGEOf98ZBLRkEkmFCq88YEdA46JpJQ0Hcq6fLWetVN0LlpWGbDetZXuEeLKaJzVEV1ZKFb1ESPqIXaiKIEvaMv9G1MjTfjw/hcWAvG8k8FrYzx8wcPDJPe</latexit><latexit sha1_base64="wBHl6uHugbS1KzR44c3j/OAvMF4=">AAAB9HicbVDLSsNAFJ3UV62vapduhhahIpbEjS6LblxJBfuApoTJdNIOnTyYuSmEkL9wKbgQQTd+iH/Qv3HSdtPWCwOHc85wz7luJLgC05wZha3tnd294n7p4PDo+KR8etZRYSwpa9NQhLLnEsUED1gbOAjWiyQjvitY15085Hp3yqTiYfACScQGPhkF3OOUgKaccsX2CYxdL21ldXDSp2sru3TKNbNhzgdvAmsJas2qffU6ayYtp/xrD0Ma+ywAKohSfcuMYJASCZwKlpXsWLGI0AkZsXQeOcMXmhpiL5T6BYDn7IqP+EolvqudeUC1ruXkf1o/Bu9ukPIgioEFdLHIiwWGEOf98ZBLRkEkmFCq88YEdA46JpJQ0Hcq6fLWetVN0LlpWGbDetZXuEeLKaJzVEV1ZKFb1ESPqIXaiKIEvaMv9G1MjTfjw/hcWAvG8k8FrYzx8wcPDJPe</latexit><latexit sha1_base64="cKWXunT/3Ci8rci2Gt3Wr2/bcnQ=">AAAB9HicbVDLSsNAFL2pr1pf0S7dBItQF5bEjS6LblxJBfuAtoTJdNIOnTyYuSmE0D8RXIigGz/EP/BvnLTZtPXCwOGcM9xzrhcLrtC2f43S1vbO7l55v3JweHR8Yp6edVSUSMraNBKR7HlEMcFD1kaOgvViyUjgCdb1pg+53p0xqXgUvmAas2FAxiH3OSWoKdesDgKCE8/PWvM6utnTtTO/cs2a3bAXY20CpwA1KKblmj+DUUSTgIVIBVGq79gxDjMikVPB5pVBolhM6JSMWbaIPLcuNTWy/EjqF6K1YFd8JFAqDTztzAOqdS0n/9P6Cfp3w4yHcYIspMtFfiIsjKy8vzXiklEUqUUo1XkTgjoHnRBJKOo7VXR5Z73qJujcNBy74TzbteZ9cYYynMMF1MGBW2jCI7SgDRRSeINP+DJmxqvxbnwsrSWj+FOFlTG+/wALm5DP</latexit>



Controlling Gene Expression Mean and Variance



Actuation with Light

Fuse protein with 

kp

GFP

kr

mRNA

fluorescent 
protein

DNA

670 nm535 nm

kp

GFP

kr

mRNA

fluorescent 
protein

DNA

E. coli strain 
Tabor et. al, JMB, 2011

CcaS

CcaR

PcpcG2



waste

M9 medium

P1

P2

turbidity regulation

Turbidity  
Control

Heating and Stirring

V2

culture sample

PBS

air

V1

P1 P2

Auto 
Sampling

Waste

Closed-Loop Optogenetic Control  

setpoint

Flow Cytometry 
Measurement

0 1 2 3 4 5

0.
0

0.
5

1.
0

1.
5

40 uM IPTG -  0 hrs

log GFP intensity

de
ns
ity
/c
df

0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0 40 uM IPTG -  2 hrs

log GFP intensity

0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

0.
8

40 uM IPTG -  3 hrs

log GFP intensity

0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

40 uM IPTG -  4 hrs

log GFP intensity

0 1 2 3 4 5

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7 40 uM IPTG -  5 hrs

log GFP intensity



γp

kr

kp

γr

φ

φ

u(t) = k1e(t) + k2
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<latexit sha1_base64="FNPaMpNaWCxszyxH/ddmIN6cefI=">AAAB+XicbVDLSsNAFL3xWesr6tLN0CJUhJK40WVRBJcV7AOSUCbTSTt0Mgkzk0IJ/RMXulDErX/izr9x0nahrQcGDufcyz1zwpQzpR3n21pb39jc2i7tlHf39g8O7aPjtkoySWiLJDyR3RArypmgLc00p91UUhyHnHbC0W3hd8ZUKpaIRz1JaRDjgWARI1gbqWfbfoz1MAzzu6mXBjV93rOrTt2ZAa0Sd0GqjYp/8QwAzZ795fcTksVUaMKxUp7rpDrIsdSMcDot+5miKSYjPKCeoQLHVAX5LPkUnRmlj6JEmic0mqm/N3IcKzWJQzNZ5FTLXiH+53mZjq6DnIk001SQ+aEo40gnqKgB9ZmkRPOJIZhIZrIiMsQSE23KKpsS3OUvr5L2Zd116u6DaeMG5ijBKVSgBi5cQQPuoQktIDCGJ3iFNyu3Xqx362M+umYtdk7gD6zPHxmelMQ=</latexit><latexit sha1_base64="TUU3x2KYArfib5/zcTA4kvHKous=">AAAB+XicbVDLSsNAFJ3UV62vqEs3oUWoCCVxo8uiCC4r2AckoUymk3boZBJmbgoh9C9cunGhiFv/xF3/xknbhbYeGDiccy/3zAkSzhTY9swobWxube+Udyt7+weHR+bxSUfFqSS0TWIey16AFeVM0DYw4LSXSIqjgNNuML4r/O6ESsVi8QRZQv0IDwULGcGgpb5pehGGURDk91M38etw0TdrdsOew1onzpLUmlXv8nnWzFp989sbxCSNqADCsVKuYyfg51gCI5xOK16qaILJGA+pq6nAEVV+Pk8+tc61MrDCWOonwJqrvzdyHCmVRYGeLHKqVa8Q//PcFMIbP2ciSYEKsjgUptyC2CpqsAZMUgI80wQTyXRWi4ywxAR0WRVdgrP65XXSuWo4dsN51G3cogXK6AxVUR056Bo10QNqoTYiaIJe0Bt6N3Lj1fgwPhejJWO5c4r+wPj6ASMIlko=</latexit><latexit sha1_base64="TUU3x2KYArfib5/zcTA4kvHKous=">AAAB+XicbVDLSsNAFJ3UV62vqEs3oUWoCCVxo8uiCC4r2AckoUymk3boZBJmbgoh9C9cunGhiFv/xF3/xknbhbYeGDiccy/3zAkSzhTY9swobWxube+Udyt7+weHR+bxSUfFqSS0TWIey16AFeVM0DYw4LSXSIqjgNNuML4r/O6ESsVi8QRZQv0IDwULGcGgpb5pehGGURDk91M38etw0TdrdsOew1onzpLUmlXv8nnWzFp989sbxCSNqADCsVKuYyfg51gCI5xOK16qaILJGA+pq6nAEVV+Pk8+tc61MrDCWOonwJqrvzdyHCmVRYGeLHKqVa8Q//PcFMIbP2ciSYEKsjgUptyC2CpqsAZMUgI80wQTyXRWi4ywxAR0WRVdgrP65XXSuWo4dsN51G3cogXK6AxVUR056Bo10QNqoTYiaIJe0Bt6N3Lj1fgwPhejJWO5c4r+wPj6ASMIlko=</latexit><latexit sha1_base64="GHJK16NTdstLsV4hvQiYhTakyo4=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkWom5K40WVRBJcV7APaUCbTSTt0MgkzN4US+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QSK4Rtf9tkobm1vbO+Xdyt7+weGRfXzS1nGqKGvRWMSqGxDNBJeshRwF6yaKkSgQrBNM7nK/M2VK81g+4SxhfkRGkoecEjTSwLb7EcFxEGT3817i1/ByYFfduruAs068glShQHNgf/WHMU0jJpEKonXPcxP0M6KQU8HmlX6qWULohIxYz1BJIqb9bJF87lwYZeiEsTJPorNQf29kJNJ6FgVmMs+pV71c/M/rpRje+BmXSYpM0uWhMBUOxk5egzPkilEUM0MIVdxkdeiYKELRlFUxJXirX14n7au659a9R7fauC3qKMMZnEMNPLiGBjxAE1pAYQrP8ApvVma9WO/Wx3K0ZBU7p/AH1ucPBx+TOw==</latexit>

Local stability i↵ global stability

There always exists control parameters k1 and k2 such that the system is locally
stable, and the protein mean tracks asymptotically the desired mean.

k1 >
k2

�p + �r
� �p�r

kp
and k2 > 0

Local stability and asymptotic tracking are achieved i↵

Controlling protein mean with PI feedback



A Simulation Example
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dt
= ��mE[m] + bmu(t) + rm

<latexit sha1_base64="uNpHoYpI7NtWOXgLeHxtHcyf0EA=">AAACIXicbVDLSsNAFL3xbX1VXboZLEJFLIkbuxFEEVwqWCs0JUwmkzo4k4SZG6GEfIZf4MZP0Y2IGxV/xmnrptULA4dzznDvOWEmhUHX/XKmpmdm5+YXFitLyyura9X1jWuT5prxFktlqm9CargUCW+hQMlvMs2pCiVvh3enA719z7URaXKF/Yx3Fe0lIhaMoqWC6okfa8qKyFcUb8OwOCs7qlsWEZZH+36PKkUDRcZEskdCy+V13LVQByqo1tyGOxzyF3i/oHbsPngEAC6C6rMfpSxXPEEmqTEdz82wW1CNgkleVvzc8IyyO9rjxTBhSXYsFZE41fYlSIbsmI8qY/oqtM7BrWZSG5D/aZ0c42a3EEmWI0/YaFGcS4IpGdRFIqE5Q9m3gDIt7IWE3VJbGdpSKza6Nxn0L7g+aHhuw7u0HTRhNAuwBdtQBw8O4RjO4QJawOAJXuEDPp1H58V5c95H1inn988mjI3z/QMxL6P/</latexit><latexit sha1_base64="yClHc+OWB4I3BJMCZevO4Jrn2Kk="></latexit><latexit sha1_base64="yClHc+OWB4I3BJMCZevO4Jrn2Kk="></latexit><latexit sha1_base64="Vhcb4myDZuAU/0eorgPIcwnNg/Y=">AAACIXicbVDLSsNAFJ34rPVVdelmsAgVsSRu7EYoiuCygn1AU8JkMmmHziRh5kYoIV/jxk/RjYgbFX/G6WPT1gsDh3POcO85fiK4Btv+sVZW19Y3Ngtbxe2d3b390sFhS8epoqxJYxGrjk80EzxiTeAgWCdRjEhfsLY/vB3r7SemNI+jRxglrCdJP+IhpwQM5ZVu3FARmgWuJDDw/ewu78pengWQX1+4fSIl8SSeE/E59g2XVuDMQOVJr1S2q/Zk8DJwZqCMZtPwSq9uENNUsgioIFp3HTuBXkYUcCpYXnRTzRJCh6TPsknCHJ8aKsBhrMyLAE/YOR+RWo+kb5zjW/WiNib/07ophLVexqMkBRbR6aIwFRhiPK4LB1wxCmJkAKGKmwsxHRBTGZhSiya6sxh0GbQuq45ddR7scr02K6GAjtEJqiAHXaE6ukcN1EQUvaB39IW+rWfrzfqwPqfWFWv25wjNjfX7B2/yoqk=</latexit>

dE[p]
dt

= kpE[m]� �pE[p]
<latexit sha1_base64="S0Mh4DCAXlvXnyG/tx9FHmJ4xc8=">AAACJHicbVDLSgMxFL3js9ZX1aWbYBHcWGbc6EYQpeCygq1CZyiZTKaGJjMhyQhlmN9x44+4cKGICxX0V0wfC9t6IXA454R7zwklZ9q47oczN7+wuLRcWimvrq1vbFa2tls6zRShTZLyVN2GWFPOEto0zHB6KxXFIuT0JuxdDPSbe6o0S5Nr05c0ELibsJgRbCzVqdT9WGGSR77A5i4M83rRlkGRR6Y4Rb2ORH94EaBD5HexEHhSkEGnUnVr7nDQLPDGoHp28vOCAKDRqTz5UUoyQRNDONa67bnSBDlWhhFOi7KfaSox6eEuzYchC7RvqQjFqbIvMWjITviw0LovQuscnKantQH5n9bOTHwS5CyRmaEJGS2KM45MigaNoYgpSgzvW4CJYvZCRO6wbc3YXss2ujcddBa0jmqeW/OubAfnMJoS7MIeHIAHx3AGl9CAJhB4hFf4hC/nwXl23pz3kXXOGf/ZgYlxvn8BnCCnaw==</latexit><latexit sha1_base64="rF/ZSgjdA8ZT9Oi2VWF8Zls/F8g=">AAACJHicbVDLSgMxFM3UV62vqgsRN0ER3Fhm3NiNUJSCywr2AZ2hZDKZNjSZCUlGKMP8jht/xIULRVxYQbd+huljYa0XAodzTrj3HF8wqrRtv1u5hcWl5ZX8amFtfWNzq7i901BxIjGp45jFsuUjRRiNSF1TzUhLSIK4z0jT71+N9OYdkYrG0a0eCOJx1I1oSDHShuoUq24oEU4DlyPd8/20mrWFl6WBzi5gvyPgL5578BS6XcQ5mhWE1yke2SV7PHAeOFNwVCl/Pe8Nv/drneKjG8Q44STSmCGl2o4ttJciqSlmJCu4iSIC4T7qknQcMoPHhgpgGEvzIg3H7IwPcaUG3DfO0WnqrzYi/9PaiQ7LXkojkWgS4cmiMGFQx3DUGAyoJFizgQEIS2ouhLiHTGva9Fow0Z2/QedB46zk2CXnxnRwCSaTBwfgEJwAB5yDCrgGNVAHGDyAFzAEH9a99WS9Wm8Ta86a/tkFM2N9/gD5Rak9</latexit><latexit sha1_base64="rF/ZSgjdA8ZT9Oi2VWF8Zls/F8g=">AAACJHicbVDLSgMxFM3UV62vqgsRN0ER3Fhm3NiNUJSCywr2AZ2hZDKZNjSZCUlGKMP8jht/xIULRVxYQbd+huljYa0XAodzTrj3HF8wqrRtv1u5hcWl5ZX8amFtfWNzq7i901BxIjGp45jFsuUjRRiNSF1TzUhLSIK4z0jT71+N9OYdkYrG0a0eCOJx1I1oSDHShuoUq24oEU4DlyPd8/20mrWFl6WBzi5gvyPgL5578BS6XcQ5mhWE1yke2SV7PHAeOFNwVCl/Pe8Nv/drneKjG8Q44STSmCGl2o4ttJciqSlmJCu4iSIC4T7qknQcMoPHhgpgGEvzIg3H7IwPcaUG3DfO0WnqrzYi/9PaiQ7LXkojkWgS4cmiMGFQx3DUGAyoJFizgQEIS2ouhLiHTGva9Fow0Z2/QedB46zk2CXnxnRwCSaTBwfgEJwAB5yDCrgGNVAHGDyAFzAEH9a99WS9Wm8Ta86a/tkFM2N9/gD5Rak9</latexit><latexit sha1_base64="Zi6RvnC68vVU+fundfWMgKf+4Sg=">AAACJHicbVDLSsNAFJ34rPUVdelmsAhuLIkb3QhFKbisYB/QhDKZTNqhM8kwMxFKyO+48UdcuBFxoYLf4qTNwrZeGDicc4Z7zwkEo0o7zqe1srq2vrFZ2apu7+zu7dsHhx2VpBKTNk5YInsBUoTRmLQ11Yz0hCSIB4x0g/FtoXcfiVQ0iR/0RBCfo2FMI4qRNtTAbnqRRDgLPY70KAiyZt4Xfp6FOr+G44GAf3juw3PoDRHnaF4Q/sCuOXVnOnAZuCWogXJaA/vFCxOcchJrzJBSfdcR2s+Q1BQzkle9VBGB8BgNSTYNmcNTQ4UwSqR5sYZTds6HuFITHhhncZpa1AryP62f6ujKz2gsUk1iPFsUpQzqBBaNwZBKgjWbGICwpOZCiEfItKZNr1UT3V0Mugw6F3XXqbv3Tq1xU5ZQAcfgBJwBF1yCBrgDLdAGGDyDN/AFvq0n69V6tz5m1hWr/HME5sb6+QWfG6Uk</latexit>



Mean and Variance Control 

Goal: Control both protein mean and variance 
independently 

Obstacle: We can prove that it is impossible to achieve 
this goal with transcriptional control alone

Possible solution: We explore the use of an additional  
independent control input: mRNA degradation
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µm := E[m];

µp := E[p];

�2
m := E[(m� µm)2];

�2
mp := E[(m� µm)(p� µp)];

�2
p := E[(p� µp)

2]
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m(t)) + u1(t)

dµp

dt
= kpµm(t)� �pµp(t)

dµm

dt
= �u2(t)µm(t) + u1(t)

d�2
mp

dt
= kp�

2
m(t)� �p�

2
mp(t)� u2(t)�mp(t)

d�2
p

dt
= kpµm(t) + �pµp(t) + 2kp�

2
mp(t)� 2�p�

2
p(t)

u1(t)

u2(t)

Mean and Variance Control 
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Dynamical system is bilinear



u1(t)
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Fact: The set of achievable protein mean and variance is given by

Let µp⇤ be the desired protein mean

Let �2
p⇤ be the desired protein variance

µp⇤ < �2
p⇤ <

✓
1 +

kp
�p

◆
µp⇤

Fundamental Limitations
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protein Fact: Not all desired protein mean and variance are 
achievable.
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Fact: The set of achievable protein mean and variance is given by

µp⇤ < �2
p⇤ <
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◆
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Feedback Control of Mean and Variance



Tracking of protein mean and variance with Multivariable PI feedback

µp⇤ < �2
p⇤ <

✓
1 +

kp
�p

◆
µp⇤

There always exists control parameters k1, k2 k3, and k4 such that the system
is locally stable, and

1. the protein mean tracks asymptotically the desired mean µp⇤; and

2. the protein variance tracks asymptotically the desired mean �2
p⇤

provided
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Summary

•Gene expression is stochastic; this leads to population variability  


•Variability plays an important biological role


•Probabilistic methods are required to model gene expression


•Population data can be used for statistical inference


• It is possible to control statistical properties of gene expression 

using external inputs


